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ABSTRACT

A one-dimensional dynamicel syatem of 6& particles with forces be-
tween neighbors contelining nonlinear terms has been studied on the Los
Alamos computer MANIAC I. The senlinear terms considered are quedratic,
cubi¢, and broken linear types. The results are analyzed into Fourier
components and plotted ae w functlon of time.

The resulta show very Little, if any, tendency toward equipartition

of ansrgy amcong the degress of Treedom.

The laat few exazples were calculated in 1955, After the untimely

death of Professor E. Ferml in November, 195%, the ealculstions were
centinusd in Loa Alamaon.



Thie report Ie intended to be the first ome of s series dealing

with the bebevior of certain nonlinear physicel systems where the non-
linearity is iotroduced &s a perturbation to a8 primarily lipesr problem.
The behavior of the syatems i to be studied for times which are long
compared to the cheracteristic perlods of the corresponding linesr
problems.

The probleme in questlon do not seem to admit of analytic seluticne
in ¢losed form, end heuristic work vme performed numerically on a fast
eleactronlec :qmputin& machine (MANTAC I ot Lob Alamgu].* The ergodic
behavicr of such systems wee studicd with the primary aim of establish-
ing, ewperimentally, the rate of appreoach to the equipartition of energy
amaong the varipus degrees cof freedom of the syatem. Several problems
will be considered in order of incressing complexity. This paper 1&
devoted +to the firet one only.

We impgine a cne-dimensicnel continuus vith the ends kept fixed spd
with forces ncting on the elements of tbie string. In addition to the
usual lipear term expressing the demendence of the force on the dis-

placement of the element, this force conteine higher order termsa. For

“We thank Miss Mary Taingou for efficient coding of the problems and
for running the computations oo the Los Alemas HMANTAC machine.




the purposes of numericel work this continum is replaced by & finite
number of poiots (st most €4 in our actusl computation) so thet the par-
tial differentisl eguaticn defining the motlon of tols string i1s replaced
oy & finite nowber of total differential equaticns. We bave, therefore,
g dynamical system of 64 sarticles with forcee acting between neighbors

with f£ixed end polnka. IF x denotes the displacement of the i-th

i
point frem its original poaition, end o denotea the coefficlent of the
quedratic term in $he force between the nelghboring mess peints and [

that of the cubic term, the equations ware either
2 22
X, = {21+1 X g - 2x,) + o Exi+l - 11} - {11 - %y g ] {1}

B 1—] E;- CR ] E!':'J

X = {xi+1 + ii—l - 2x1} + ﬂ[tx£+1 - Hi}ﬂ - {xi - xi-l}%] (2]

or

i=1, 8, ... &b,
¢ and B were chosen o that at the meximum displacement the noolinesr
term wae swall, e. g., of the arder of one-tenth of the lipesr tazm. The
correaponding pertisl differentisl equeation obtained by letting the
mmber of particles become infinite is the ususl wave squéticn plus nobo-
linear terzs of 8 complicated oaburc.

Apother case otudied recently was

%, o= 5. -x) - Ealw, =% )+ (3]

where the parameters §., & o & WEI® not conetent but sssumed differ-

ant values depending on wbether or pot the guantitiza in parentheses
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the purposes of numerical work this contipumm 1s repleced by m finite
nunber of oeints (at most 64 in our actusl computation) so that the par-
tial differentinl equation defining the mpotlen of this string ig rTenlaced
by a finite number of total differentinl eguations. We hawve, therefore,
a dynamical syetem of &4 particles with forces acting between nelghbors
with fi:m'.l end polinkts. If Xy denotes the displacemant of the 1l-th
point from fts original position, snd O denotes the coefficient of the
guadretic term in the force between the neighboring mass points and ﬁ

thet of the cubic term, the equations were either
o

2 2
Xl {x‘.!+l +x, 4 - 2x] + o {{xi+l - %)° - {':ri - ":i-l‘] :[ {1}
0= O Bl soa (G0
o : =

Ii (xi-]-l + :'l:-i__l - E'Ii] + B[I:ri-}-l = :":i]3 = {'-"":i o :':i_l]'?.] (2]

LU sln Fh A (R
fl and J were cheeen so that at the meximum displacement the nenlimear
torm wos smell, &, g., of the arder of ope-tenth of the linear term. The
eorresponding partisl differentiel eguation obtained by letting the
mumber of particles become infinite is the usuel weve eguetion plus non-
linear terme of s complicated noature.
Ancother cage gtudied recantly wase

e
(L]

Bgm 8y (ryyy - xy) - 8plwy mmy ) ke (3)

where the paresmeters §,, & 5y © Were et constant but assumed differ-

ent values depending on whethaer or not the gquantities in parentheses
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Fig. 1L The first of (heee Agures which originally appeared in the
celzbrated paper by Hénan and Heiles [24], Here weseen !JlDI af the
Poincard surface of seetion for the HEnon-Heilss conssrvative system
At syslem energy £ = 1712, Clirves appear to exisl evarywhiere in the
parmickad area, indicaling passible ntegrability.

3

Fig. 12. The geruine susprise provided by the Hénon-Heilss caloulas
tons first appeared in this figure for E=1/8. All this “randam
splatter™ of dots was generaled by o sngle orbit. ANl hope of
mntegrabality now disappears. Indeed, since Hénon 2nd Heiles deman-
straled the semsitive depemdesee of orbjes lying T this “splaner™
region, this figurs providas an early Dlustration af the tramsitiom @
ebiaas in 2 Hamillonian sysiem with only two degreas af freedom.
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